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Let T be the generic trace algebra generated by the algebra R of two generic
2 = 2 matrices and by all traces of the matrices from R over a field K. We
construct new automorphisms of T and R. They induce automorphisms of the
polynomial algebra in five variables which fix two of the variables. Our automor-
w xphisms of R are wild. We do not know if the new automorphisms of K x , . . . , x1 5
are tame. When char K / 2 we give the explicit form of all the constructed
automorphisms. Q 1997 Academic Press
INTRODUCTION
Let K be a field. An automorphism of the polynomial algebra
w xK x , . . . , x is called tame if it belongs to the subgroup of1 m
w xAut K x , . . . , x generated by the affine and the triangular automor-1 m
phisms where t is triangular if
t x s a x q f x , . . . , x , j s 1, . . . , m , .  .j j j jq1 m
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 .where 0 / a g K and the polynomials f x , . . . , x do not depend onj jq1 m
x , . . . , x .1 j
w xThe problem whether every automorphism of K x , . . . , x is tame is1 m
one of the oldest problems of commutative algebra. The answer in the
w xaffirmative is known for m s 2 only due to Jung 7 for K s C and Van
w xder Kulk 11 for an arbitrary field K. The problem is still open for m ) 2.
w xFor m s 3 the example of Nagata 9 gives an automorphism n of
w xK x , x , x which fixes x and is not tame as an automorphism of1 2 3 3
 w x.w xK x x , x . It is still unknown if n is tame as an automorphism of3 1 2
w x w xK x , x , x . Martha Smith 10 has shown that n is stably tame, i.e.,1 2 3
w xbecomes tame if we extend it to an automorphism of K x , x , x , x with1 2 3 4
 . w xn x s x . Recently Alev 1 has brought some evidence to the fact that n4 4
is not tame.
In the same way as for the polynomial algebra one can define tame
 :automorphisms for the free associative algebra K x , . . . , x and ask a1 m
similar question for the tameness of the automorphism group. Makar-
w x w xLimanov 8 and Czerniakiewicz 4 has handled the case m s 2. They have
 : w xalso shown that Aut K x , x is canonically isomorphic to Aut K x , x .1 2 1 2
w xUsing this isomorphism Bergman 3 has shown that the algebra of two
 .generic k = k matrices has wild i.e., non-tame automorphisms for any
k G 2. In particular for k s 2 one of the Bergman automorphisms is
defined by
2w xx ª x q x , x , x ª x ,1 1 1 2 2 2
w xwhere x , x s x x y x x is the commutator of x and x . Let C be1 2 1 2 2 1 1 2
the algebra generated by all the traces of elements from R and let T be
the generic trace algebra generated by R and C. It is well known that C is
the polynomial algebra in five variables generated by
tr x , tr y , det x , det y , tr xy . .  .  .  .  .
Therefore, every automorphism of R induces an automorphism of the
polynomial algebra in five variables. There is a hope that some of the wild
w xautomorphisms of R induce wild automorphisms of K x , . . . , x . Alev1 5
w xand Le Bruyn 2 have proved that a large class of automorphisms of R
give rise to tame automorphisms of the polynomial algebra.
In the present note we study the automorphisms of R and T. We
construct a new family of automorphisms of R and T. The new automor-
phisms of R are wild. These fix a lot of elements of R and T but it is not
w xclear if these are stably tame. The induced automorphisms of K x , . . . , x1 5
fix two of the variables. We do not know whether these are tame or stably
tame.
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1. PRELIMINARIES
For a background on the properties of generic matrices we refer to the
w xsurvey by Formanek 5 . We fix a field K of any characteristic and consider
w xthe polynomial algebra in 8 variables V s K x , y N i, j s 1, 2 . The alge-i j i j
bra R of two generic 2 = 2 matrices
x x y y11 12 11 12x s and y sx x y y /  /21 22 21 22
 .is the subalgebra of M V generated by x and y. We denote by C the2
centre of R and by C the algebra generated by all the traces of elements
from R. Identifying the elements of C with 2 = 2 scalar matrices we
denote by T the generic trace algebra generated by R and C.
 w x.PROPOSITION 1 Formanek, Halpin, and Li 6 . The centre C of T is the
polynomial algebra in the commuting ¨ariables
tr x , tr y , det x , det y , tr xy . .  .  .  .  .
The ¨ector subspace of C consisting of all polynomials without constant term is
2w xa free C-module generated by x, y .
LEMMA 2. Let F be a commutati¨ e K-algebra. Then e¨ery mapping f:
 4  .  .x, y ª M F can be extended to a homomorphism c : T ª M F such2 2
  ..   ..  .that c tr r s tr c r e, r g R, where e is the unit matrix in M F .2
 .  .  .  .Proof. Let f x and f y be respectively the i, j th entry of f xi j i j
Ä .  4and f y , i, j s 1, 2. The mapping f from x , y N i, j s 1, 2 into Fi j i j
Ä Ä .  .  .  .defined by f x s f x and f y s f y induces a homomorphismi j i j i j i j
 .  .from V to F and, hence from M V to M F . Let c be the restriction2 2
 .of the latter homomorphism on T. Since tr r , r g R, is a scalar matrix
from T , we obtain the statement of the lemma.
w xWhen char K / 2, as in 2 we may replace in T the generic matrices x
and y by the generic traceless matrices
1 1x s x y tr x , y s y y tr y .  .0 02 2
 .  .  .  .and assume that T is generated by x , y , tr x , tr y , det x , det y ,0 0 0 0
 .tr x y . Standard arguments based on the Cayley]Hamilton theorem and0 0
the Newton formulae for symmetric functions give that
1 1 12 2 2 2det x s tr x y tr x s y tr x , det y s y tr y , .  .  . .  .  . . .0 0 0 0 0 02 2 2
and, if char K / 2, we may assume that C is generated by
p s tr x , q s tr y , u s tr x 2 , ¨ s tr y2 , t s tr x y . .  .  . .  .0 0 0 0
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w x w x  .  . w x2Clearly, x, y s x , y does not depend on tr x and tr y . Hence x, y0 0
 .is a quadratic form f u, ¨ , t in u, ¨ , t and deg f s deg f s 2. Fromx y0 0
deg u s 2, deg ¨ s 0, deg t s 1 we derive thatx x x0 0 0
2 2w xx , y s a u¨ q b t , a , b g K .
Evaluating this equation for x s e y e , y s e q e we obtain0 11 22 0 12 21
x 2 s y2 s e, x y s e y e ,0 0 0 0 12 21
2w xx , y s y4e, u s ¨ s 2, t s 0, a s y1.0 0
Similarly, x s y s e y e gives0 0 11 22
2 2 w xx s y s x y s e, x , y s 0, u s ¨ s t s 2, b s 1.0 0 0 0 0 0
Hence
2 2w xx , y s t y u¨ .
2. THE MAIN RESULTS
THEOREM 3. Let R be the algebra generated by two generic 2 = 2 matri-
ces x and y o¨er a field K and let T be the trace algebra generated by R and the
traces of the matrices from R.
 . w xi For any polynomial f g K x , x , x , x let1 2 3 4
22Ä w xf s f tr x , tr y , x , y , x tr y y ytr x . .  .  .  . . .
 4Then the mapping f : x, y ª T defined byf
Äf x s x q tr x x tr y y y tr x f , .  .  .  . .f
Äf y s y q tr y x tr y y y tr x f .  .  .  . .f
 .  . w x2gi¨ es rise to an automorphism of T which fixes tr x , tr y , x, y , and
 .  .x tr y y y tr x .
 .  .ii If f x , x , x , x is di¨ isible by x , then f also induces an1 2 3 4 3 f
automorphism of R. This automorphism is wild for f / 0.
 .iii The mapping f induces an automorphism of the centref
C s K tr x , tr y , det x , det y , tr xy .  .  .  .  .
 .  . w x2of T which fixes the ¨ariables tr x , tr y and the elements x, y and
  .  ..2x tr y y y tr x .
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 .  .Proof. i Since T is a subalgebra of M V , by Lemma 2 the map-2
ping f can be extended to an endomorphism c : T ª T such thatf f
  ..   .. w x  .  .c tr r s tr c r for any r g R. Since x, y and x tr y y y tr x aref f
w x2traceless matrices, by the Cayley]Hamilton theorem, the elements x, y
  .  ..2and x tr y y y tr x are central. Easy calculations show that
w xc tr x s tr x , c tr y s tr y , c x , c y s x , y . .  .  .  .  .  . .  .f f f f
In order to prove that c is an automorphism of T it is sufficient to showf
that c (c and c (c are equal to the identity map on x and y.f y f . y f . f
This can be easily done by direct verification.
2 . w xii By Proposition 1 any product h x, y , h g C, belongs to R and
this gives immediately that f induces an automorphism of R. In order tof
w xestablish its wildness we shall follow 3 . The canonical homomorphisms
 : w xK x , y ª R ª K x , y
give rise to the group homomorphisms
 : w xAut K x , y ª Aut R ª Aut K x , y .
 : w xSince Aut K x, y ( Aut K x, y , every nontrivial automorphism of R
which induces the identity map modulo the kernel of the homomorphism
w xR ª K x, y is wild. Our automorphisms of R have this property and
hence are wild.
 .The statement of iii is clear because every automorphism of T induces
an automorphism of its centre C.
THEOREM 4. Let char K / 2 and in the statement of Theorem 3 let
p s tr x , q s tr y , u s tr x 2 , ¨ s tr y2 , t s tr x y , .  .  . .  .0 0 0 0
where x and y are generic traceless 2 = 2 matrices. Then0 0
Ä 2 2 2f s f p , q , t y u¨ , q u q p ¨ y 2 pqt .
and c acts on C byf
c p s p , c q s q , .  .f f
Ä 2 2 2 Ä2c u s u q 2 p qu y pt f q p q u q p ¨ y 2 pqt f , .  .  .f
Ä 2 2 2 Ä2c ¨ s ¨ q 2 q qt y p¨ f q q q u q p ¨ y 2 pqt f , .  .  .f
2 2 Ä 2 2 Ä2c t s t q q u y p ¨ f q pq q u q p ¨ y 2 pqt f . .  .  .f
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w x2Proof. The statement follows by direct calculations using x, y s
2  .2 2 2t y u¨ and xq y yp s q u q p ¨ y 2 pqt.
Ä  .Remark 5. Let char K / 2. In the special case when f s f p, q , let
z s q2 u q p2 ¨ y 2 pqt1
z s q2 u y p2 ¨2
2 Ä 2 Äz s q uf y p ¨f y 2 t .3
 4  .Clearly z , z , z is a basis of the K p, q -vector space spanned by u, ¨ , t.1 2 3
Direct calculations show that
c z s z .f 1 1
Äc z s z q 2 pqfz .f 2 2 1
Äc z s z y 2 fz . .f 3 3 2
Therefore the automorphism c induces a tame automorphism off
  ..w xK p, q u, ¨ , t because it acts triangularly. We do not know if it is tame
w x  w x.w xfor K p, q, u, ¨ , t or for K p, q u, ¨ , t .
Remark 6. For two generic k = k matrices x and y, k ) 2, we can also
 4define a mapping f from x, y to the generic k = k trace ring T byf
Äf x s x q tr x xtr y y y tr x f , .  .  .  . .f
Äf y s y q tr y xtr y y y tr x f , .  .  .  . .f
where
22Ä w xf s f tr x , tr y , tr x , y , tr x tr y y y tr x . .  .  .  . . .  . /
Again f is extended to an automorphism of T which fixesf
 .  . w x  .  .tr x , tr y , x, y , and x tr y y y tr x . Unfortunately in this case we do
not know a good criterion for an element of C to belong to R.
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